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Abstract

Three-dimensional fluid computations have been performed to investigate the flows around two circular cylinders in

tandem arrangements at a subcritical Reynolds number, Re ¼ 2.2� 104. The center-to-center space between the

cylinders was varied from twice the cylinder diameter to five times that, and the flows and fluid-dynamic forces obtained

from the simulations are compared with the experimental results reported in the literature. Special attention is paid to

the characteristics of the vortices shed from the upstream cylinder such as the convection, the impingement onto the

downstream cylinder and the interaction with the vortices from the downstream cylinder. The effects of the vortices

from the upstream cylinder on the fluid-dynamic forces acting on the downstream cylinder are discussed.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Numerous studies have been carried out to investigate the flows around circular cylinders in various arrangements

and the fluid-dynamic forces acting on them. This is important in many engineering applications because of the need to

prevent accidents and disasters. In particular, considerable attention has been paid to the flow around a pair of circular

cylinders. This is not only because understanding the flow around two circular cylinders is fundamental to

understanding the flow around multiple cylinders in complex arrangements, but also because the flow interference

between the two circular cylinders causes a wake-induced vibration [see e.g., Bokaian and Geoola, 1984].

Comprehensive reviews on the flows around two circular cylinders and the wake-induced vibrations were presented

by Zdravkovich (1985, 1987, 2003). Extensive investigations on the flow around two circular cylinders and their fluid-

dynamic forces have been performed mainly through experimental approaches: e.g., Bearman and Wadcock (1973),

King and Johns (1976), Kiya et al. (1980), Igarashi (1981, 1984), Williamson (1985), Sun et al. (1992), Zhang and

Melbourne (1992), Gu and Sun (1999) and Sumner et al. (2000, 2005). Sumner et al. (2005) showed that the flow around

two circular cylinders can broadly be classified into fourteen distinct patterns with respect to the angle of incidence and

the spacing between the cylinders.
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Numerical investigations on the flows around a pair of circular cylinders have also been reported. A limited number

of these studies can be found in the literature, and some of them are mentioned in the following discussion. For the flow

around two stationary circular cylinders, using the finite-element method (FEM), Mittal et al. (1997) performed 2-D

numerical simulations at Reynolds numbers of 102 and 103. In the case of the tandem arrangement with the center-to-

center length ratio (center-to-center length to cylinder diameter, L/D) ¼ 2.5, vortices were not formed from the

upstream cylinders at Re ¼ 102, but were observed at Re ¼ 103. It has been shown experimentally that no distinct

vortex is shed from the upstream cylinder if L/D is less than 3–4, i.e., the flow pattern simulated at Re ¼ 103 was not

consistent with the experimental results. They mentioned that this critical spacing could be sensitive to the value of Re.

Meneghini et al. (2001) investigated the flow around two circular cylinders in tandem and side-by-side arrangements at

Re ¼ 102 and 2� 102 using a 2-D FEM. The simulated flows were similar to those of experiments around the same Re.

In the cases of side-by-side arrangements with cylinder-gaps smaller than 2D, the ‘flopping phenomenon’ (Williamson,

1985) was successfully simulated: the drag forces of the cylinders increased and a repulsive force between the cylinders

occurred as the wake was deflected to one of the cylinders. Jester and Kallinderis (2003) simulated the flows around two

circular cylinders in various arrangements at Re ¼ 80 and 103 with a 2-D FEM. An important issue in their results is the

characteristic of the fluid forces acting on the cylinders in the cases of tandem arrangements at Re ¼ 103. The hysteretic

effects of the fluid forces were observed in the range of 2oL/Do2.5: the drag coefficients of the upstream and

downstream cylinders took different values, depending on whether L/D slowly increased from 1.9 or decreased from

2.5. However, the upper L/D of the hysteresis range differed from the experimentally obtained values of 3–3.8. Akbari

and Price (2005) numerically studied the flow patterns around staggered cylinder pairs at Re ¼ 8� 102, mainly

comparing with the results of flow visualizations. The flow fields were simulated using a 2-D vortex method, and the

simulated flows almost agreed with the results of the dye-injection flow visualization experiments by Sumner et al.

(2000). On the other hand, for elastically supported circular cylinders, Mittal and Kumar (2001) carried out FEM

simulations on the flow around two circular cylinders of L/D ¼ 5.5, in which the flow at Re ¼ 100 and the cylinder

response motions excited by the fluid forces were computed interactively. The response trajectories of the cylinders

under the wake-induced vibrations were obtained. It was observed that the trajectories of the downstream cylinder in

the case of the tandem arrangement resembled a figure-of-eight, but in the case of a staggered arrangement where the

downstream cylinder positioned by 0.7D in the transverse direction, the trajectory of the downstream cylinder had an

oval shape.

As described above, numerical investigations on flows around two circular cylinders have been performed recently.

Most of these numerical studies, however, employed a 2-D analysis and investigated the flow characteristics at low Re

(less than 103). On the contrary, many experimental studies have been undertaken at Re higher than those at which the

numerical studies have been tried. In practice Re of flows around many structures are much higher, in which case the

effects of 3-D turbulence are predominant in the flows and have a significant consequence upon the fluid-dynamic

forces. It is well known that, even for a single cylinder, at high Re, the fluid-dynamic characteristics obtained from 2-D

flow computations deviate from those of experimental results; in the case of multiple cylinders, the 3-D flow

computations are required in a practical sense. In this study, focusing on the flows around two stationary circular

cylinders in tandem arrangements in the range of 2pL/Dp5 at a subcritical Reynolds number, 3-D fluid-dynamic

computations are carried out. The Reynolds number is set to 2.2� 104, equal to that at which Igarashi (1981) measured

the Strouhal number of the flow around circular cylinders in tandem arrangements. Comparing with results of previous

experimental studies, the characteristics of the flows and the fluid-dynamic forces obtained from the computations are

discussed. In particular, the behavior of the vortices shed from the upstream cylinder and the effects of those vortices on

the fluid-dynamic forces of the downstream cylinder are investigated.
2. Computational method

2.1. Algorithm

The large eddy simulation (LES) with the Smagorinsky subgrid-scale model was employed. The incompressible

Navier–Stokes equation and the equation of continuity in nondimensional form are

qui

qt
þ uj

qui

qxj

¼ �
qP

qxi

þ 2
q
qxi

1

Re
þ

1

Ret

� �
Sij , (1)

qui

qxi

¼ 0, (2)
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where ui is the velocity component of grid scale, and P is the sum of the grid-scale pressure and the residual stress, Si,j is

the strain-rate tensor on the grid-scale velocity components,

Sij ¼
1

2

qui

qxj

þ
quj

qxi

� �
. (3)

The subgrid-scale eddy-viscosity, 1/Ret, in Eq. (1) is expressed as

1

Ret

¼ ðCsDÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2SijSij

p
. (4)

In Eq. (4), D is the filter width and was given as the cube-root of grid volume, and the Smagorinsky constant, Cs, was

set to 0.1 in this study. Additionally, near the cylinder surface, the van Driest function,

f s ¼ 1� exp
�yþ

Aþ
(5)

was used in Eq. (4). In Eq. (5), y+ ¼ yut/v and A+
¼ 25.

Eqs. (1) and (2) were transformed into a computational coordinate system of xk (k ¼ 1, 2, 3), and the contravariant

component of the velocity

Uk ¼
qxk

qxi

ui (6)

was applied to the advection term in Eqs. (1) and (2). These substitutions yield

qui

qt
þ

1

J
ðJUkÞ

qui

qxk
¼ �

qxk

qxi

qP

qxk
þ

1

J

1

Re
þ

1

Ret

� �
q

qxk
gkl qui

qxl

� �
, (7)

1

J

qðJUkÞ

qxk
¼ 0, (8)

where J is the Jacobian and

gkl ¼ J
qxk

qxm

qxl

qxm

. (9)

Eqs. (7) and (8) were discretized with the finite-difference method (FDM) in the collocated grid system (Rhie and

Chow, 1983; Kajishima et al., 1998), and were solved by the simplified marker and cell (SMAC) method (Amsden and

Harlow, 1970). The following expressions are used for FDM discretization hereafter:

dif ¼ �f
i�

1
2
;j;k
þ f

iþ
1
2
;j;k
; d0if ¼

�f i�1;j;k þ f iþ1;j;k

2
, (10,11)

f
i
¼

f
i�

1
2
;j;k
þ f

iþ
1
2
;j;k

2
. (12)

The second-order Adams–Bashforth method and the Crank–Nicolson method were applied to the advection term

and the diffusion term of the incompressible Navier–Stokes equation, respectively. The predicted velocity in the SMAC

method, ui
P, is obtained by solving

uP
i �

Dt

2J

1

Re
þ nsgs

� �
dk gkl

kl
dlu

P
i

kl
� �

¼ un
i þ

Dt

2J

1

Re
þ

1

Ret

� �
dk gkl

k
dlu

n
i

kl
� �

� Dt
qxk

qxi

dkPnk
þ Dt

3An
i � An�1

i

2
, (13)

where Dt is the nondimensional time step and was set to 0.002, and Ai denotes the advection term and a third-order

upstream scheme was employed:

Ai ¼
1

J
ðJUkÞ

qui

qxk
¼

1

J
Bi þ aðDxk

Þ
3 JUk
�� ��d04kui

h i
. (14)
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In Eq. (14), Bi is the fourth-order central FDM discretization on the advection term; in accordance with the

suggestion of Morinishi et al. (1998), the following formulation was used in this study:

Bi ¼
9

8
ðJUÞkd1kui

1k

�
1

8
ðJUÞkd3kui

3k

. (15)

The second term in Eq. (14) is the numerical viscosity and a was set to 1 in this study, and this corresponds to utilizing

the uniformly third-order polynomial interpolation algorithm (Leonard et al., 1995). Eq. (13) was solved with the

successive over-relaxation (SOR) method. The predicted velocity, uP, was transformed to the contravariant component

and was interpolated at the staggered position after multiplication by J,

ðJUjÞ
P
¼ J

qxj

qxi

uP
i

j

. (16)

Using (JUi)P of Eq. (16), the Poisson equation on the potential c is expressed as

djðJUjÞ
P

Dt
¼ �dj gjk

j
dkc

� �
. (17)

This equation is derived such that JUi at the next step,

ðJUjÞ
nþ1
¼ ðJUjÞ

P
� Dtgjk

j
dkc, (18)

must satisfy the continuity on JUi (Eq. (8)). Eq. (17) was also solved by the SOR method in this study. Using c obtained

from Eq. (17), the velocity at the next step was corrected as

unþ1
i ¼ uP

i þ
qxk

qxi

dkc
k
, (19)

and P at the next step was estimated by computing

Pnþ1 ¼ Pn �
c
Dt
þ

1

2J

1

Re
þ

1

Ret

� �
dk gkl

k
dlc

� �
. (20)

2.2. Grid system and boundary conditions

The flow around two circular cylinders in tandem arrangement was simulated in an elliptic-column space. This

physical space was discretized with an O-type grid system, and Fig. 1 shows the schematic of the section of the grid

system. The O-type grid system had the major axis of 60D, the minor axis of 30D and the thickness of D. In the

Cartesian coordinates in the physical space, the origin was located at the center between the two cylinder-sections and

on a side plane of the grid system; the x1-, x2- and x3-axis were along the streamwise direction, transverse to the

streamwise direction and along the cylinder span, respectively. The computational coordinates were assigned in terms of

body-conformed coordinates xk. This 3-D grid system was constructed as follows. A 2-D grid system was built by

solving the Poisson equation (Thompson et al., 1977; Steger and Sorenson, 1979) in the x1–x2 plane. The 3-D grid

system was organized by just aligning the 2-D grids along the x3-axis. The number of grids on the circumference of each

circular cylinder was 200 and that in the cylinder direction was 26. The number of grids on G1 and G2 in Fig. 1 varied

from 51 to 131 linearly on L/D. Fig. 2 shows a close-up of the x3-slice of the 3-D grid system in the case of L/D ¼ 2.

As shown in Fig. 1, the no-slip boundary condition was specified on the surfaces of the cylinders, and the in-flow

boundary condition was set to u1 ¼ 1, u2 ¼ u3 ¼ 0. An advection-viscous condition suggested by Miyauchi et al. (1996)

was applied to the out-flow boundary condition in this study:

qui

qt
þ um

qui

qxj

¼
1

Re

q2ui

qx2
j

. (21)

Although the zero velocity-gradient condition has been commonly used as the out-flow boundary condition,

Miyauchi et al. carried out the 2-D simulation on the behavior of a vortex in uniform flow and showed that this
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Fig. 1. Physical space around two circular cylinders in tandem arrangement, the coordinate system and the boundary conditions.

Fig. 2. Close-up view of x3-slice of grid system in the case of L/D ¼ 2.
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boundary condition caused unphysical flow fluctuations around the vortex. In addition to the zero velocity-gradient

condition, they tested four out-flow boundary conditions. The first boundary condition was an advection-inviscid

condition where the approach-flow speed was used as the advection velocity, and the second one was an advection-

inviscid condition where local velocities were used to the advection velocity. The third and fourth ones were the

advection-viscous conditions which were the viscous versions of the first and the second conditions, respectively.

Comparing the results for these four cases, they suggested that the third boundary condition corresponding to Eq. (21)

with um ¼ 1 approximated the flow fields near the out-flow boundary adequately, and this boundary condition was

adopted in the present study. On the other hand, in Fig. 1, the periodic boundary condition was given between G1 and

G2 as well as between G3 and G4. Also, between the x1–x2 plane at x3 ¼ 0 and that at x3 ¼ D, the periodic boundary

condition was used. The computation was impulsively started, i.e., the initial condition of flow was set to u1 ¼ 1,

u2 ¼ u3 ¼ 0 and P ¼ 0.
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Fig. 3. Comparison of mean x3-vorticity on the upper side surface of the upstream cylinder between the present grid case and the

coarse grid case: (a) L/D ¼ 2; (b) L/D ¼ 3; (c) L/D ¼ 4. y: angle from the upstream side of the cylinder. Solid line: present grid case.

Dashed line: coarse grid case.

Fig. 4. Instantaneous vorticity distributions at middle of cylinder span in the case of L/D ¼ 2: (a) reattachment of upper shear layer

from the upstream cylinder, SL1, to the downstream cylinder; (b) reattachment of lower shear layer from the upstream cylinder, SL2,

to the downstream cylinder.
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Table 1

Numbers of grid points used for the grid-dependency tests

L/D x1-axis x2-axis x3-axis

Present grid Coarse grid

2 501 351 150 26

3 551 401

4 601 451

T. Kitagawa, H. Ohta / Journal of Fluids and Structures 24 (2008) 680–699686
The grid-number dependency was tested for the cases of L/D ¼ 2, 3 and 4, comparing the x3 component of vorticity

obtained from the adopted grids with those from coarse grids, as shown in Fig. 3. Table 1 shows the number of grid

points used for the tests. Fig. 3 shows that the adopted grid is adequate to represent the flow field.
3. Numerical results

3.1. Vorticity distribution

Fig. 4(a) shows a contour of instantaneous x3-vorticity at the middle of the cylinder span in the case of L/D ¼ 2.

Vortices were not formed from the upstream cylinder. The upper side shear layer separated from the upstream cylinder,

marked as ‘SL1’ in the figure, reattached to the downstream one, and the other shear layer ‘SL2’ connected to a vortex

formed in the wake of the downstream. This vortex convected as the time passed, and inversely to Fig. 4(a), SL1 was

detached from the downstream cylinder as shown in Fig. 4(b); i.e., these shear layers move up and down in phase and

reattach alternately to the downstream cylinder. Synchronizing with this alternate reattachment of the shear layers, the

alternate vortices are formed in the wake of the downstream cylinder. These flow characteristics are almost consistent

with the those obtained by Zdravkovich (1987, 2003) and Igarashi (1981). However, the flow classification by Igarashi

(1981) showed that the quasi-steady vortices are also formed between the cylinders in the case of L/D ¼ 2 around the Re

in this study. In the present study, although small vortices were formed intermittently around the front of the

downstream cylinder due to the reaction of the shear layer reattachment as seen in Fig. 4(b), these vortices did not

developed but disappeared. On the other hand, the vorticity distribution at L/D ¼ 2.5 is shown in Fig. 5. The flow was

almost the same as that in the case of L/D ¼ 2, while the width of the shear layer movement was narrower than that at

L/D ¼ 2. A point of difference from the case of L/D ¼ 2 is that the reattaching shear layer became unstable and

fluctuated.

At L/D ¼ 3, the shear layer movement as observed at L/D ¼ 2 did not appear, and two flow patterns were observed.

Fig. 6(a) shows one of them, in which both shear layers from the upstream cylinder symmetrically reattached to the

downstream one. The wake of the downstream cylinder was highly turbulent and the vortex formation was not

identifiable; the whole downstream cylinder wake fluctuated weakly. In the other flow pattern, as shown in Fig. 6(b),

small vortices were formed in the space between the cylinders and convected toward the downstream cylinder. In this

case, vortices were formed in the wake of the downstream cylinder, although their structure was not well organized. The

latter flow pattern was dominant and the former one was intermittently observed. According to the flow classification

by Igarashi (1981), both shear layer reattachment and vortex formation from the upstream cylinder can be present at

this L/D value, and Igarashi called this a bistable flow. Although the vortices shed from the upstream cylinder were not

of large scale in this study, the computed flows are thought to correspond to the bistable flow.

As shown in Fig. 7, at L/DX3.25, the shear layers from the upstream cylinder did not reattach to the downstream

one, and the vortices were alternately shed from the upstream cylinder; the critical spacing obtained in the present study

was L/D ¼ 3.25. Because of impingement of the vortices from the upstream cylinder on the downstream one, the flow

near the downstream cylinder was highly unsteady.

On the other hand, it has been confirmed that the binary vortex street (Williamson, 1985; Zdravkovich, 2003) is

formed when the L/D value is more than the critical spacing and is less than 6. Fig. 8(a) shows a vorticity distribution at

L/D ¼ 4, in which we can observe that a vortex (or eddy) shed from the upstream cylinder, marked as ‘Eu’, approaches

the downstream cylinder. This vortex impinges the downstream cylinder and deforms as observed in Fig. 8(b), and the

flow became highly unsteady due to the impingement as well as due to the friction on the surface of the downstream

cylinder. Another small vortex (or eddy), marked as ‘Ed’ in Fig. 8(b), was also formed in the wake of the downstream

cylinder. Successively, in Fig. 8(c), the merging of Ed and Eu was observed in the wake of the downstream cylinder,
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Fig. 6. Instantaneous vorticity distributions at middle of cylinder span in the case of L/D ¼ 3: (a) symmetrical reattachment of shear

layers from the upstream cylinder to the downstream cylinder and highly unsteady wake of the downstream cylinder; (b) small vortex

generated from shear layer from the upstream cylinder.

Fig. 7. Instantaneous vorticity distribution at middle of cylinder span in the case of L/D ¼ 3.25. Vortices are formed not only from the

downstream cylinder but also from the upstream cylinder.

Fig. 5. Instantaneous vorticity distribution at middle of cylinder span in the case of L/D ¼ 2.5. Fluctuating shear layer from the

upstream cylinder reattaches to the downstream cylinder.

T. Kitagawa, H. Ohta / Journal of Fluids and Structures 24 (2008) 680–699 687
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Fig. 8. Instantaneous vorticity distributions at middle of cylinder span in the case of L/D ¼ 4: (a) vortex shed from the upstream

cylinder, Eu, approaching to the downstream cylinder; (b) impingement of the vortex from the upstream cylinder onto the downstream

cylinder and formation of a small vortex, Ed, in the wake of the downstream cylinder; (c) merging of both vortices and the convection.

T. Kitagawa, H. Ohta / Journal of Fluids and Structures 24 (2008) 680–699688
although the vortex pairs were not clearly formed. This synchronized behavior of the two vortices was observed in the

cases of L/DX3.25. However, the degree of the mixture of these vortices depended on the strengths of the vortices either

from the upstream cylinder or from the downstream one, and it also depended on the angle of the vortex impingement

on the downstream-cylinder surface. The relationship between this synchronized behavior of the two vortices and the

lift force acting on the downstream cylinder is investigated in Section 3.3.3.
3.2. Pressure distribution on circular cylinders

The pressure distributions on the surface of the cylinders at L/D ¼ 2, 2.5, 3 and 4 are shown in Figs. 9–12,

respectively. The mean pressure coefficient, Cp, is shown in part (a) of these figures and the r.m.s. pressure coefficient,

Cp
0, is in part (b). The symbol y for the horizontal axis denotes the angle from the upstream side of the cylinder. The

dashed line represents the pressure coefficients of the upstream cylinder and the solid line is for the downstream one.

Additionally, the experimental results existing in the literature, at which the order of Re is approximately the same as
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Fig. 9. Pressure distributions on the cylinder surfaces at L/D ¼ 2: (a) mean pressure coefficients; (b) r.m.s. pressure coefficients.

Dashed line: upstream cylinder in the present study. Solid line: downstream cylinder in the present study. Open symbol: upstream

cylinder. Solid symbol: downstream cylinder. & or ’, Ljungkrona et al. (1991) (Re ¼ 2� 104); B or E, Moriya et al. (1983)

(Re ¼ 9� 104).
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Fig. 10. Pressure distributions on the cylinder surfaces at L/D ¼ 2.5: (a) mean pressure coefficients; (b) r.m.s. pressure coefficients.

Dashed line: upstream cylinder in the present study. Solid line: downstream cylinder in the present study. Open symbol: upstream

cylinder. Solid symbol: downstream cylinder. & or ’, Ljungkrona et al. (1991) (Re ¼ 2� 104); or +, Igarashi (1981)

(Re ¼ 3.5� 104).
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the present study, are plotted in these figures for comparison: the open symbols are the values of the upstream cylinder

and the solid symbols are for the downstream one.

Fig. 9(a) shows the Cp distribution at L/D ¼ 2, and the numerical results for the upstream cylinder agreed well with

the experimental results at Re ¼ 2� 104 by Ljungkrona et al. (1991). For the downstream cylinder, while we can see the

agreement with their experimental results in the range of 0pyo801, the Cp values at yX801 are less than the

experimental values. Similarly, in the case of L/D ¼ 2.5 shown in Fig. 10(a), our Cp values are almost consistent with

the experimental ones, and those of the downstream cylinder at yX1101 are slightly lower than the results by

Ljungkrona et al. At L/D ¼ 3 (Fig. 11(a)), our Cp values approximately agree with the results by Ljungkrona et al.

Throughout Figs. 9(a)–11(a), in the range of L/Dp3, the Cp distributions are almost independent of the L/D value.

This is because the flow patterns at L/Dp3 are similar; the shear layer from the upstream cylinder reattach to the

downstream cylinder and no distinct vortices are shed from the upstream cylinder (Figs. 4–6). On the other hand, while
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Dashed line: upstream cylinder in the present study. Solid line: downstream cylinder in the present study. Open symbol: upstream

cylinder. Solid symbol: downstream cylinder. & or ’, Ljungkrona et al. (1991) (Re ¼ 2� 104); B or E, Moriya et al. (1983)
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Fig. 11. Pressure distributions on the cylinder surfaces at L/D ¼ 3: (a) mean pressure coefficients; (b) r.m.s. pressure coefficients.
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there is a peak around y ¼ 701 in the Cp distribution of the downstream cylinder for L/Dp3, this is not found in the

case of L/D ¼ 4 (Fig. 12(a)) where vortices are shed from the upstream cylinder. This peak of Cp is due to the

reattachment of the upstream-cylinder shear layer to the downstream one, and the value of y where the peak value takes

place corresponds to the reattachment position on the surface of the downstream cylinder. Fig. 13 shows the

reattachment angle on the downstream cylinder, yr, and the value of the mean pressure coefficient at the peak, Cpr,

versus L/D. For comparison, the experimental results at Re ¼ 6.5� 104 by Moriya et al. (2002) are also plotted in the

figure. The open symbols represent yr corresponding to the left vertical axis and the solid symbols denote Cpr

corresponding to the right axis. The results by Moriya et al. indicated that there was a correlation between yr and

Cpr: the yr value became large as the Cpr value decreased. The results of the present study show the same trend although

the yr values of the present study are larger than the results of Moriya et al.

Fig. 9(b) shows the Cp
0 distribution at L/D ¼ 2, and the Cp

0 values on the upstream cylinder agree with the

experimental results by Ljungkrona et al. (1991). However, the Cp
0 values on the downstream cylinder are larger than
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those by Ljungkrona et al. and are smaller than those at Re ¼ 9� 104 by Moriya et al. (1983). Furthermore, the Cp
0

distribution of the downstream cylinder possesses two peaks around y ¼ 701 and 1101 in this study. The Cp
0 distribution

obtained by Moriya et al. also showed two peaks around y ¼ 501 and 1101, while that by Ljungkrona et al. had a single

peak around y ¼ 601. Ljungkrona et al. investigated the effects of Re on the Cp
0 values at L/D ¼ 2. They measured Cp

0

on the downstream cylinder at Re ¼ 6� 104 and compared with those at Re ¼ 2� 104; the result indicated that the Cp
0

values at Re ¼ 6� 104 were as large as those at Re ¼ 9� 104 by Moriya et al. and that the two peaks appeared in the

Cp
0 distribution. According to their results, the Cp

0 values on the downstream cylinder at L/D ¼ 2 are sensitive to Re

and it is inferred that the difference in Re is a cause of the discrepancy between the Cp
0 values of the present

computation and those of the experiment by Ljungkrona et al.

In addition to the Re-dependency, the other cause of this Cp
0 discrepancy may be the difference in the aspect ratio of

the cylinder (span-wise length of the cylinder to cylinder diameter, l/D) between the present simulation and the

experiments. While the l/D value was set to 1 in the present simulations, cylinders with larger l/D are used in

experiments generally. Indeed, the l/D value of the cylinder used in the experiment by Ljungkrona et al. was 15.8. The

aspect ratio of the cylinder affects the degree of the 3-D fluid motion around the cylinder.

In the case of L/D ¼ 2, the shear layer from the upstream cylinder reattaches to the downstream cylinder, and this

generates unstable fluid fluctuations; the characteristics of the velocity and the pressure fluctuations around the

downstream cylinder can be susceptible to variations in the aspect ratio. As the L/D value increased (Figs. 10(b) and

11(b)), the Cp
0 magnitude on the downstream cylinder decreased. This corresponds to the fact that the movement width

of the shear layers from the upstream cylinder, as was discussed in Section 3.1, becomes small as L/D increases. On the

other hand, at L/D ¼ 4, as shown in Fig. 12(b), the Cp
0 values on the upstream cylinder became much larger than those

in the cases of L/Dp3. In the cases of L/D43, vortices were shed from the upstream cylinder. The vortex formation

causes fluid fluctuations around the cylinder, and this results in the Cp
0 values on the upstream cylinder becoming larger

than those in the cases of L/Dp3. The Cp
0 values on the downstream cylinder at L/D ¼ 4 also became larger than those

in the cases of L/Dp3. The vortices shed from the upstream cylinder convect in the downstream direction and impinge

the downstream cylinder; this vortex impingement drives the pressure fluctuations on the surface of the downstream

cylinder to be large. However, the Cp
0 values of the downstream cylinder were larger than those of the experimental

results. Itoh and Himeno (2002) performed numerical simulations on the flow around two circular cylinders in tandem

arrangements using a multi-layer grid system, and they obtained a similar Cp
0 overestimation on the downstream

cylinder. As seen in Fig. 12(b), the Cp
0 values on the upstream cylinder agree with the experimental results, and this

implies that a cause of the Cp
0 overestimation can be found in the process of the vortex convection from the upstream

cylinder to the downstream one. Because the vortices from the upstream cylinder impinge the downstream cylinder, the

3-D effects are predominantly greater than for the cases of L/Dp3. Similar to the discussion on Cp
0 in the case of

L/D ¼ 2, it is then conjectured that the small l/D resulted in the Cp
0 overestimation of the downstream cylinder. The

large Cp
0 values on the downstream cylinder indicate that the cylinder length used in the present simulations is not long
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enough for the 3-D flow field to have developed. Further calculations using computational spaces with larger l and

larger grids in the spanwise direction will be required to obtain the Cp
0 values close to experimental data.

3.3. Fluid forces

3.3.1. Drag force and lift force

Figs. 14(a) and (b) show the time histories of the lift coefficients, CL, and the drag coefficients, CD, at L/D ¼ 2,

respectively. The dotted line represents these coefficients of the upstream cylinder and the solid one is for the

downstream cylinder. In Fig. 14(a), the CL amplitude of the upstream cylinder is small relative to that of the

downstream cylinder. No vortices are shed from the upstream cylinder, and the CL fluctuation of the upstream cylinder

is induced by the movement of the upstream-cylinder shear layers. The CL fluctuation of the downstream cylinder is

caused by the alternate reattachment of the upstream-cylinder shear layers, as well as by the vortex shedding from the

downstream cylinder. In Fig. 14(b), compared with the CD fluctuation of the downstream cylinder, that of the upstream

cylinder is small. This is also due to no vortex formation from the upstream cylinder. Figs. 15(a) and (b) show the time

histories of CL and CD at L/D ¼ 3. The fluctuations of CL and CD for the upstream cylinder are smaller than those in

the case of L/D ¼ 2 and this is explained, as described in Section 3.1, by the width of the shear layer movement

becoming small as the L/D value increases. A point to note is that the CL fluctuation of the downstream cylinder is time

dependent: the CL fluctuations around 80oto110 in Fig. 15(a) are weak locally. This time range was where the flow

pattern shown in Fig. 6(a) appeared: the wake of the downstream cylinder was highly unsteady and the vortex structure

was not clearly formed in the wake of the downstream cylinder. These resulted in the CL fluctuations of the downstream

cylinder becoming small in this time range. Additionally, in Fig. 15(b), the local mean CD of the downstream cylinder in

the range of 80oto110 appeared to be slightly lower than that at the other times. At L/D ¼ 4, as shown in Figs. 16(a)

and (b), the fluctuations of CL and CD of the upstream cylinder were larger than those for L/D ¼ 2 and 3 because the

center-to-center spacing was large enough for vortices to be shed from the upstream cylinder. For the downstream

cylinder, the fluctuations of CL and CD were also larger than the cases of L/D ¼ 2 and 3. In Section 3.1, it was

mentioned that the impingement of the vortex shed from the upstream cylinder on the downstream cylinder

synchronized with the formation of a small vortex in the wake of the downstream cylinder. The fluid forces due to both

of these two vortices act on the downstream cylinder simultaneously. In Fig. 16(b), the nonstationary fluctuations can

be observed in the CD time history of the downstream cylinder. This nonstationarity of the CD fluctuation is caused by

the variable strength of the vortices shed from the upstream cylinder as well as by the variable impingement-position on

the downstream-cylinder surface.

The mean drag coefficients, CD, versus L/D are shown in Fig. 17. In the range of L/Dp3, the CD values for both the

upstream and downstream cylinders decrease as the L/D value increased, and they have a minimum at L/D ¼ 3. At the

critical spacing of L/D ¼ 3.25, CD jumps to higher values. The results of the present simulations mostly agree with

the experimental results in the literature. However, while CD of the downstream cylinder at L/D ¼ 2 agrees with the

experimental result at Re ¼ 3.1� 104 by Zdravkovich and Pridden (1977), it deviates from the other experimental

results: e.g., the CD values at L/D ¼ 2 and 2.5 in this study are larger than the experimental results by Ljungkrona et al.

(1991) for which the value of Re is close to the one used in the present study. The cause of this discrepancy is that, as

shown in Fig. 9(a), the Cp values at yX901 on the downstream cylinder in this study are less than those by Ljungkrona

et al. Similar to the discussion on Cp
0 in Section 3.2, the disagreements of Cp and CD are possibly related to the

difference in the aspect ratio, l/D, between the present study and the experiment by Ljungkrona et al. The fluctuating lift

coefficient, CL
0, and the fluctuating drag coefficient, CD

0, are shown in Figs. 18(a) and (b), respectively. Similar to CD

shown in Fig. 17, these coefficients increase sharply at the critical spacing. Although CL
0 and CD

0 for L/Do3.25 are

almost consistent with the experimental results by Moriya et al. (2002), those of the downstream cylinder for L/DX3.25

are much larger than the experimental results. These disagreements result from the Cp
0 overestimation of the

downstream cylinder for L/DX3.25, as mentioned in Section 3.2.

3.3.2. Strouhal number

The Strouhal number, St, was obtained from the power spectrum of the downstream-cylinder CL, and Fig. 19 shows

the relationship between L/D and St. For L/Do3, the St value decreases gradually as the L/D value is increased. At

L/D ¼ 3, as shown in Fig. 20, the power spectrum of CL of the downstream cylinder exhibits two peaks at fD/U ¼ 0.155

and 0.165, and both of the reduced frequencies are plotted in Fig. 19. The presence of these two vortex shedding

frequencies results from the two flow patterns shown in Figs. 6(a) and (b). Because Fig. 6(a) indicated the instantaneous

vorticity distribution at t ¼ 95.4 in Fig. 15 where the CL amplitude became small locally, the low frequency component

in Fig. 20 can be due to the weak fluctuation of the downstream-cylinder wake as explained in Section 3.1. The high
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frequency component in Fig. 20 corresponds to the CL fluctuation due to the flow pattern in Fig. 6(b) (t ¼ 138.2 in

Fig. 15) which appeared dominantly. In Fig. 19, the value of St jumps to 0.172 at L/D ¼ 3.25 and increases gradually as

the L/D value is increased. The relationship between L/D and St in this study agreed approximately with the

experimental results by Igarashi (1981).
3.3.3. Convection of vortices shed from the upstream cylinder

As described in Section 3.1, vortices were shed from the upstream cylinder in the cases of L/DX3.25, and they

impinged the downstream cylinder and mixed with the vortices formed in the near wake of the downstream cylinder. In

this section, focusing on the relationship between the lift forces of the upstream and downstream cylinders, the

characteristics of the convection of the vortices from the upstream cylinder are discussed.

Indicated in Fig. 21(a) is the instantaneous surface pressure distribution of the downstream cylinder at the middle of

the cylinder span in the case of L/D ¼ 4, at which the flow shown in Fig. 8(a) appeared (t ¼ 27.3 in Fig. 16). The solid

line outside the dotted circle represents negative pressure and the inner line represents positive pressure. The pressures

on the upper side of the cylinder surface are positive due to the oncoming vortex shed from the upstream cylinder (Eu in

Fig. 8(a)), and the lower side has negative pressures. Fig. 21(b) shows the instantaneous pressure distribution at which

Eu impinged the downstream cylinder as in Fig. 8(b) (t ¼ 29.3 in Fig. 16). The upper side of the downstream cylinder

surface is covered by negative pressures, and the lift force is in the upward direction. The vortex formed in the wake of

the downstream cylinder (Ed in Fig. 8(b)) also influenced the negative pressures. However, it is difficult to distinguish

between the negative pressures by Eu and those by Ed. Comparing Fig. 8(b) with Fig. 21(b), it is conjectured that the

negative pressures around 0pyo1201 are caused mainly by Eu and those around 120pyo2201 are due to Ed. The pair

of Eu and Ed convected in the downstream direction (Fig. 8(c)), and the effect of these vortices on the downstream-

cylinder surface pressure became weak; the upper side surface of the cylinder has positive pressures as shown in

Fig. 21(c) (t ¼ 31.3 in Fig. 16). While the pressure distributions varied depending on the angle of the vortex

impingement on the downstream cylinder and on the strength of the vortices formed from each cylinder, the above-

mentioned process of the pressures on the downstream-cylinder surface was repeated.

As found above, the negative pressures due to the vortices from both cylinders acted on the downstream cylinder

simultaneously, and the dominant frequencies of the CL fluctuations of both cylinders (St) were the same (e.g.,

Figs. 22(a) and (b)). It is inferred that the phase shift between the CL fluctuation of the upstream cylinder and that of the
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downstream one correlates with L/D. Fig. 23 shows the phase shifts, f (rad), at St between the CL fluctuations of both

cylinders. Because no distinct vortices were shed from the upstream cylinder for L/Dp3, only f values in the range of

L/DX3.25 are related to the vortex shedding from both cylinders. Additionally, f values at L/D ¼ 3 are not plotted in

Fig. 23 because there is not a single dominant frequency in the downstream-cylinder CL as shown in Fig. 19.

Furthermore, the f values at L/DX3.25 were obtained as f ¼ fc+2p, where fc is the phase shift at St obtained from

the cross spectrum of CL. For example, in Fig. 8(b), we can see that when Eu impinges the downstream cylinder and Ed

is formed, a new vortex is shed from the upper side of the upstream cylinder: the fc value corresponds the phase shift

between the upstream-cylinder lift due to the new vortex and the downstream-cylinder lift due to both Ed and Eu. On

the other hand, the f value indicates the phase shift between the upstream-cylinder lift at which Eu is shed from the

upstream cylinder and the downstream-cylinder lift due to both Ed and Eu. Hence, the value of f involves the period of

time during which Eu convects from the upstream cylinder to the downstream one. Sakata and Kiya (1983)

experimentally investigated the phase shifts between the CL fluctuations of both cylinders at Re ¼ 105 and suggested the
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f-L/D relationship as

f ¼ 1:6
L

D
þ 1:5 ðradÞ. (22)

The line for Eq. (22) is illustrated in Fig. 23 for comparison. The result of the present study indicates that f is almost

proportional to L/D and agrees with Eq. (22) in spite of the difference in Re. Using these f values, the nondimensional
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mean convection speed of the vortices shed from the upstream cylinder, UEu, can be estimated as

UEu ¼
2p
f

St
L

D
. (23)

The UEu�L/D relationship is shown in Fig. 24. The UEu values are in the range of 54–63% of the approach-flow

speed and have a weak L/D dependency. In the case of a single circular cylinder at which the Re value is around 104, it is

known that the convection speed of the vortices is about 60–80% of the approach-flow speed. The vortices shed from

the upstream cylinder then move onto the downstream cylinder at speeds lower than that in the case of a single cylinder.

Because UEu is proportional to L/D, the value of UEu becomes close to that for a single cylinder with further increase

in L/D.
4. Conclusions

Three-dimensional calculations on flows around two circular cylinders of the same diameter in tandem arrangements

at a subcritical Reynolds number, Re ¼ 2.2� 104, were performed. The center-to-center spacing between the cylinders

was varied from twice to five times the cylinder diameter. For L/Do3.25, it was observed that vortices were shed only

from the downstream cylinder. The shear layers separated from both sides of the upstream cylinder and reattached

alternately to the downstream cylinder. Vortices were formed in the wake of the downstream cylinder, synchronizing to
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the alternate reattachments of the shear layers from the upstream cylinder. For L/DX3.25, vortices were shed not only

from the downstream cylinder but also from the upstream cylinder. The critical spacing was then obtained as

L/D ¼ 3.25 in this study. These relationships between the center-to-center spacing and the flow characteristics obtained

in the present study were almost consistent with the experimental results reported in the literature. For the fluid

dynamics forces acting on the cylinders, the results in this study showed agreement with the experimental data.

However, for the downstream cylinder in the cases of L/DX3.25, the fluctuating lift and drag as well as the pressure

fluctuations were larger than the experimental data. These disagreements can be caused by the difference in the aspect

ratio of the cylinder in the present study and in the experimental investigations. The relationship between the Strouhal

number and L/D agreed approximately with the experimental result by Igarashi (1981) in which the Reynolds number

was the same as that in the present simulations.

The characteristics of the vortices shed from the upstream cylinder in the cases of L/DX3.25 were investigated. The

vortices shed from the upstream cylinder convected in the stream-wise direction and impinged the downstream cylinder.

When this vortex impingement occurred, a small vortex was formed in the wake of the downstream cylinder. The

negative pressures due to these two vortices acted simultaneously on the surface of the downstream cylinder and caused

the lift force to the downstream cylinder. Because of this synchronous work of these vortices for the lift force on the

downstream cylinder, the dominant frequency of the lift fluctuation of the upstream cylinder coincided with that of the

downstream one. Also, the phase shift between the fluctuating lift forces of the upstream and downstream cylinders

correlated proportionally to L/D. The relationship between the phase shift and L/D in this study agreed with the linear

function suggested by Sakata and Kiya (1983). Using the phase shift, the mean convection speed of the vortices shed

from the upstream cylinder was estimated. It was found that the convection speeds were in the range of 54–63% of the

approach-flow speed and were slightly proportional to L/D.
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